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Chapter 1

ProBLEM p. 12: Determine with what velocity a stone must be thrown in

order that it fly infinitely far from the surface of the Earth.

SorutioN: Assume that x(f) : R — R is the path of a thrown stone. Thus

we have that ,
8To

(ro +x)?

(1.1)

where ¢ = 9.87 and r, is the radius of the Earth, approximately 6,371 km.
We also assume the stone begins at the surface of the Earth, so that x(0) = 0
and that x(t) increases unboundedly, which is to say that the stone escapes
Earth’s gravitation.

The chain rule gives us the following

d x°

dt 2

We proceed by integrating both sides of (1.2) over t.

= x¥ (1.2)

By the fundamental theorem of calculus, the left hand side gives

f‘) d x* x(ty)?  %(0)?
0

T R 2

By substituting (1.1) for # and using the change of variables formula, the
right hand side gives
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Combining both sides and solving for x(0) gives

2012 . .
where € = - 5:(‘; 7 Since we have assumed that x increases unboundedly,
0 0

escaping Earth, we can make € arbitrarily small by increasing t,. Since the
above holds for all €, we have that the initial velocity

x(0) > +/2gr,

km
=4/2- .00988—2 -6371km

2
= 1248750
S

km

=11.17—
s
Another way to show this is that in Hamiltonian phase space, any solu-
tion curve must lie in the level set curve
2 2
—gr,
v " 8T _

2 ryo+x

where U(x) = ;Og:i is the potential and E is an energy level. Thus we have
that

_ X’ -gro . _-gn
2 ro +x(t) — 1o+ x(t)

Since we have assumed we can make x(t) arbitrarily large, we can make
2
—8%0 arbitrarily close to 0 so that E > 0.

ro+x(t)

Thus we have that

which also demonstrates the result.



ProBLEM p. 18-4: Show that the time it takes to go from x; to x, (in one
direction) is equal to

ty—t, = JX2 d—x
w (J2(E-U(x))

Sorution: Given a curve c(t) = (x(t),(t)) such that %(f) = y(t), we have
that for y(¢t) = 0
tz
t,—t; = J- dt
f
t
ty(t)
—d
J; (1) ‘
“[h X
n V2(E-Ul(x(t)))
2 dx
_LIJuE—Uun

by the change of variables formula for integrals.

The only question is whether this integral extends to the limit where
y(ty) = 0 and the potential is at its highest value U(x,) = E for x, = x(t,).
We will show we can extend the integral to these points when U’(x,) = 0.

Thus assume that U’(x,) # 0 and in particular that U’(x,) < 0. Be-
cause U’ is continuous, we can find a neighborhood V of x, within which
U’(x) < 0 for all x € V. Thus in that neighborhood U(x) is monotonically
decreasing. Choose a point x; > x, such that x; € V and form the sequence

oy _ _ P
Yo = %1 = X0, Yn o
Then we have the following facts:
_ Y U
yn+l - 2.0n - 2
Yn = Ynn :yn_% = % = Yun
Ynsr _ In _ 1
Yu  29n 2
limy, =0

Now consider the improper integral

. & dx
lim —_—
=% Jy AJ2(E-U(x))
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For any x, choose an 7 so that y, < x — x, in which case [y;,; + X, V; + X,]
fori = 0,...,n — 1 is a partition of [x,x;]. Since U is monotonically de-

creasing in V, 4/2(E — U(x)) is monotonically increasing, so that m
is monotonically decreasing. Thus the supremum of the function m

in each interval [y;,; + xo,9; + X,] occurs at y;,; + x,. By Taylor’s theorem,
write U(x) = E + U’(xo)(x — xo) + r(x) where lirnx_m0 P x = 0. Equivalently,

r(x+x0

lim,_,, = 0. Then we can bound the integral by the upper partial
Riemann sum as follows:

Jxl d—x < (% + XO) B (yiJrl + Xo)
x 20E-U(x)) I \/Z(E —U(9i41 + X))

n

Vi = Yiv1
=1 \/2(E —E-U"(x0)(@is1 + X0 = Xo) = (P11 + xo))

yi+l
Z’ \/—2U (X0)(Vis1) = 27 (Pis1 + Xo)

Pz+1
I J-2U () - 21

Vy1+1

) \/ 20" (x (Yis1+%o)
Yir1

so that

limJ. i VVirt
x—0 \/ﬁ P \/ 2U (Yis1+Xo)

Yi+1

Applying the ratio test to the right hand side of the above inequality shows
that

— 2 Ti+Xo) @itxo)

lim VYin1 \/ 2U(x Vi1
’_"x’\/ 2U7(x (@is1+%0) \/371

Yi+1

—2U(x,) — 2’(?#3‘0)

T Vit 0 Vi
N llim . ' ’ T(?m +Xg)
b yl -2U (XO) - 23}—1

_\/I —2U’(xg) =20
V2 \-2U(x)-2-0
1
:\/j<1
2



The potential U(x) = —cos x

0.0 A

.5 A

T
Phase curves of 1y° —cosx = E

DO

Figure 1.1: Problem 19-2: phase curves for ¥ = —sinx

so that the series converges. Thus the improper integral is bounded above
and therefore also converges. Applying the same argument to the other
side where U’(x;) > 0 shows that the equation

tz_tlzf‘zd—x
5 JaE-U)

applies even for U(x;) = U(x,) = E.

ProBrLEM 19-2: Draw the phase curves for the “equation of an ideal planar
pendulum”: ¥ = —sinx.

SorutioN: The potential energy is U(x) = — cos x so that the phase curves
are level sets of 1y” — cos x = E for varying energy levels E. Various phase
curves are shown in Figure 1.1.
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The potential U(x) = —cosx — Mx

Phase curves of 19* — cosx - Mx = E

N
N

T
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Figure 1.2: Problem 19-3: phase curves for ¥ = —sinx + M

ProBLEM 19-3: Draw the phase curves for the “equation of a pendulum on
a rotating axis”: ¥ = —sinx + M.

SorutioN: The potential energy is U(x) = —cosx — Mx so that the phase
curves are level sets of 2y° — cosx — Mx = E for varying energy levels E.
Various phase curves are shown in Figure 1.2.

ProsLEM p. 19-4: Find the tangent lines to the branches of the critical level
corresponding to the maximal potential energy E = U(£).

This solution is entirely thanks to lolcats who explained it to me in the Libera
chat ##math channel.

SorutioN: Every phase curve lies in the level set

%yz +U(x)=E



A critical level is such that U(&) = E is a local maximum at &. Thus we
also have that U’(§) = 0 and that U”(&) is negative in a neighborhood of &.
Taylor’s theorem with remainder allows us to write U as
1
Ulx) =U(E)+ U ()x = &) + 5U"(E)x ~ &) +r(x)
1
= E+ SUTE)x - &)+ 1(x)

where the remainder term r satisfies lim,_,; % = 0). Thus we have that

p(x)* = 2(E - U(x))
=2(E-E- %U”(x)(x - &) —r(x))
= -U"(x)(x - &)* - 2r(x)

so that ( )2
y(x ” r(x)
G-gp - U e
and thus
vx) e ()
m—i\/U(X) 2(x_£)2

This is the slope of the secant line from (&, 0) to (x, y(x)) so that taking the
limit x — & gives us the slope of the tangent line at &:

lim V‘x; - U

x—& X —

Thus we have that
£=V-U"(&)(x - &)

are the tangent lines to the level curve at &.

ProBLEM p. 21-1: Show that the system with potential energy U = —x*

does not define a phase flow.

SoruTion: Any potential phase flow g’ is composed of curves cp(t) = g'p

which satisfy the equations of motion:

xp(t) = yp(t)
d
,(0) = =52 (5, (0)
= 4(x, (1)’

where c,(f) = (xp(t), yp(t)). We investigate one of these curves to show that
it cannot give rise to a phase flow.
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Consider the point p = (1, \/E) which satisfies 22 -1*=1-1=0thus
lying on the level curve corresponding to E = 0. We will derive a formula
for ¢,(t) = (x,(t), y,(t)). Since we have in this case that U(x) = —x*E=0
and x,(0) = 1, we use the result of Problem 18-4 as follows:

so that

—_

Since y = 4/2(E — U(x)) = V2x* we have that
4

Blt) = 2(1 —1\@)
_ V2
(1- V)

from which we can verify that

Lty = —— V2

EXP (1 —\/Et)2 ’
_ V2
v
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and
%yp( ) = - 2\/5 3 \/5
(12
_ 4
VA
= 4(x,(1)’
so that
1 V2
cp( =

1-Var’ (1 —\/Et)2

does indeed define the unique curve at p = (1, \/5) that satisfies the equa-
tions of motion.

Since the denominatorsare Qatt = %, the maximal domain of definition

of this integral curve is ]— 00, \f[ and we have that

lim ¢ (t) = (e0,00)
V2

Thus by fixing t = and varying p we have that

lim g%p = (o0, )
pﬁ(l,\/})

by the theorem on smooth dependence of initial conditions, (Chapter 2,

Corollary 4 of Arnold, Ordinary Differential Equations). But then gl/ﬁ can-

not be a diffeomorphism since there is no value we can assignat p = (1, \/5)

1/v2

so that g will be continuous, much less smooth.

Figure 1.3 shows the vector field - a + 4x w1th1n the square [-1, 1] x
[-1, 1], various level sets of 1p° —x* = E, the curve ¢,(t) in blue and the
point p = (1, \/5) at the red x.

ProsLEM 24-3: Find the projection of the phase curves on the x;, x, plane
(i.e., draw the orbits of the motion of a point).

Sorution: The orbit of a point is an ellipse. I will show this in two ways,
once via linear algebra and again via trigonometry. By problem 24-1, the
trajectories are great circles of the sphere S*. The inclusion of the plane in
R* which maps the unit circle to the great circle is a linear transformation.
And projecting down to two dimensions (x;, x,) is also linear so that the
image of the trajectory is a linear transformation of the circle. Since the
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Figure 1.3: Problem 21-1
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image of a circle under a linear transformation is an ellipse (see digression
below), the trajectory is therefore an ellipse.

Now we show this again using trigonometry, using the following identi-
ties
acost+bsint = ccos(t — 0)] (1.3)
cos(t —60) = costcosB +sintsin O (1.4)
In equation (1.3), we have that ¢ = Va? + b? and 6 is some angle (more or
less arctan Z).
As the text mentions, the solution that passes through the point a,, b;, a,, b,
is
(x1,v1) = (a cost + by sint,—a; sint + b, cost)
(x5,v,) = (aycost + b, sint,—a, sint + b, cos t)
so that the position of the particle is given by
(x1,%,) = (a; cost + by sint,a, cost + b, sint)
Using (1.3) we rewrite x; = a;cost + b; sint as ¢; cos(t — ¢;) fori = 1, 2.
Thus we have that (x,(t), x,(t)) = (c; cos(t — ¢,), ¢, cos(t — ¢,)). Then

Xs

P cos(t — )
=cos(t =, + Py — Py)
= cos(t — ¢y — 0) (where 6 = ¢, — ¢;)

cos(t — ;) cos 6 +sin(t — ¢;)sind (by identity (1.4))
:)CC—IC086+ 1_C052(t_qf)1)sin5 (since COSZ+Sin2= 1)
1
2

X _ X _
=Lcosd+ 1—(—1) sin o
€1 ‘1

Thus we have that
X2 X%
6 O
Squaring both sides gives

x, \2 CoS O x|\ X\
(—2) -2 x1x2+(—1) c0526:(1—(—1) )sin26
o €16, c c
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so that

€y (518 €

2 2
Xy cos o X4
== -2 X1Xp +|—
Cy (518 1

cosd\ 1 2
(—z )—4—<0 (B? - 4AC < 0)

(518} ‘312C§

We have that

2 2

(_2c055)2_41 :4c0326_ 4

€162 Clc% (51‘32)2 (c1¢,)
4 _
= > (cos®6 - 1)
€1€3)

(

<0

because 0 < cos’ & < 1. Thus this is an ellipse as long as cos 6 # 1, which is
to say that 0 cannot be 0 or 7. In that case we would have that ¢, = ¢, or

¢, + 1 = ¢, and so the two cosines are synchronized along the same angle
and the motion reduces to the one-dimensional case along a line.

A TRIGONOMETRIC DIGRESSION

The trigonometric identities could be taken at face value but demonstrat-
ing them geometrically is interesting so I'm including that here.

Both follow from the formula for rotating a point (a, b) € R* anti-clockwise
given by
(acost —bsint,asint + bcost)
Essentially this formula follows from complex analysis, i.e., multiplying
(a,b) = a+biby ¢, Then clockwise rotation by t, which is the formula we
will actually use here, is

(acost +bsint,—asint + bcost) (1.5)

which follows simply by substituting —f into the previous formula.

To demonstrate identity (1.3), since (1.5) traces a circle of radius ¢ =
Va? + b?, it must pass through the point (c, 0). Thus, using (1.5) again, this
path is also given by (c cos t, —c sin t). Translating this path back by 6 gives

(acost+bsint,—asint +bcost) = (ccos(t —0),—csin(t — 0))



15

(a,D)

(acost +bsint,—asint + bcost)
=c-(cos(t—06),—sin(t — 0))

¢ - (cos (t),—sin(t))

Figure 1.4: Proof of acost + bsint = c cos(t — 0)

and the desired identity is the first component of this equality. This is
depicted in Figure 1.4.

For the second identity (1.4) we clockwise rotate the point (cos(t), sin(t))
by 0 which is both (cos(t — ), sin(t — 0)) and also

(costcosB +sintsin @, —costsin O + sin f cos 0)

by (1.5). Thus the desired identity is the first component of the resultant
equality.

A DiIGRESSION ON ELLIPSES

It seems perfectly acceptable to take the image of a circle under a linear
transformation as the definition of an ellipse. But I felt it was cheap to use
two different definitions, whenever one or the other was most convenient.

So, I decided to define an ellipse to be the solution set of an equation
Ax* +Bxy+Cy’> =D
for some constants A, B, C, D that satisfy B? —4AC < 0 and then derive the

fact that the image of a circle under a linear transformation satisfies such
an equation. That derivation is included here.

Thus let L = [a;;] be a linear transformation and (x,y) a point on a circle,
ie,x?+ y2 = 1. Then the transformation of this point

A(x,9) = (a11X + 81,9, A1 X + a5,9)

ought to lie on an ellipse. For this to be the case, we ought to have constants
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A, B, C such that

1=A(a;x+ “12}’)2 + B (ay1x + a1,9) (a21X + a39) + C (a5 x + “223’)2
= A(“%l"2 +2ay,a1, + a%ﬁ’z) +B (u11a21x2 +(ar1ay + u12a21)xy)
+C (3,37 + 2ay10,xY + a3,9°)
= (Aaj; + Bay ay; + Caz)x°
+(2Aay1a15 + B(ay1425 + a12051) + 2Cay1455) XY

+ (Aat, + Bay,ay, + Cazy)y®
Thus if we can find A, B, C such that
Aafl + Baya,; + Ca§1 =1
2Aaq1a1; + B (a11a5; + a1,a51) + 2Caya5, = 0
Aaf2 + Ba,,a,, + Ca%2 =1

then the equality will hold since we are assuming that x* +y® = 1. But this
is a system of linear equations

2 2
a1 1191 a1 A 1
2“1%“12 1103 + G150y 2“2&‘122 -|B[=10
a12 1247, Az C 1
with inverse
2 2
az Y] an 1 A
detl? 204505, G113, + A120y;  —2ay145, |- |0 =|B
etL 2 2 1 C
ain —Aa11012 a11
so that , ,
A ay; + dy, 1
Bl =(-2(a1102 +a1282,) | 755
2 2 detL
C aj; + a1,

Writing the equation of the ellipse as Ax* +Bxy+Cyp” = det L* we can check
that

2 2 2 2 2
B® —4AC = 4(a3 a3, + 2a,,a,,01,0,, + a1,45,)

2 2 2 2 2 2 2
—4(azaiy + ay a1, + ax,a11 + a3,415)

-4 ((51115122)2 = 2(ay14,2) (a12851) + (a12u21)2)

2
—4(a11a5; — A1207)

—4det L?

so that this is an ellipse as long as the linear transformation L is an isomor-
phism.



